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COMPLETE LIFT OF VECTOR FIELDS AND SPRAYS TO 

T°°M 

A. sum AND S. RASTEGARZADEH 


Abstract. In this paper for a given Banach, possibly inhnite dimen¬ 
sional, manifold M we focus on the geometry of its iterated tangent 
bundle T^M, r G NU {oo}. First we endow with a canonical atlas 

using that of M. Then the concepts of vertical and complete lifts for 
functions and vector helds on T’’M are defined which they will play a 
pivotal role in our next studies i.e. complete lift of (semi)sprays. Af¬ 
terward we supply r°°M with a generalized Frechet manifold structure 
and we will show that any vector held or (semi)spray on M, can be lifted 
to a vector held or (semi)spray on T^M. Then, despite of the natural 
difhculties with non-Banach modeled manifolds, we will discuss about 
the ordinary diherential equations on T°°M including integral curves, 
hows and geodesics. Finally, as an example, we apply our results to the 
inhnite dimensional case of manifold of closed curves. 

Keywords: Vertical and complete lift, semispray, spray, geodesic,, 
Frechet manifolds, Banach manifold. Manifold of closed curves. 


Contents 

Introduction 

1. Preliminaries 

2. Complete and vertical lifts 

2.1. Vertical and complete lifts of functions and vector fields 

2.2. Semisprays and their lifts 

3. Complete lift of vector fields and sprays to T°°M 

3.1. Flow of 

3.2. Lift of semisprays to T^M 

3.3. Lift of sprays to T°°M 

4. Applications and examples 
References 


1 

2 

3 

4 

5 

_6 

10 

u 

13 

14 

15 


Introduction 

Lift of the geometric objects to tangent bundles had witnessed a wide 
interest due to the works of Miron [15], Bucataru and Dahl [5], Morimoto 
m, Yano, Kobayashi and Ishihara |23l \2^ and Suri IMIIII]. 

On the other hand, one of the most important generalizations of ordinary 
differential equations to manifolds is the class of second order differential 
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equations (SODEs) or (semi)sprays. A semispray on M is a vector filed 
S on TM such that, if vr : TM —)■ M denotes the canonical projection 
of TM on M, then vr* o S' = idM and the homogeneity requirement of 
order 2, leads us to the concept of sprays mm- In fact semisprays and 
sprays provide a geometric structure to study the curves on the manifold M 
which solve special systems of SODEs with remarkable geometric meanings 
[51BE]. Moreover, the setting of semisprays provides a unified framework 
for studying geodesics in Riemann, Finsler and Lagrange geometries (See 
m, m and the references therein.) 

However, most of these materials are proved for the finite dimensional case 
and there are a few researcher which they follow the formalism of Abraham 
etc. [2], Lang m, Hamilton m or Kriegel and Michor M- In this paper, 
for a Banach modeled manifold M, first we endow the iterated tangent 
bundle T^’M, r E N, with a canonical atlas using that of M. Then following 
the direction of [5], the concepts of vertical and complete lifts for functions 
and vector fields on T^M are defined which they will play a pivotal role in 
onr next studies i.e. complete lifts of semisprays and sprays. 

Afterward, using the algebraic tool ’’projective limit”, which is compat¬ 
ible with onr geometric setting, we will try to lift vector fields, semisprays 
and sprays to T°°M. More precisely we show that the iterated lifts of vector 
field (or semispray) form a projective system and their limits satisfy the ap¬ 
propriate conditions for vector fields (or semisprays) on the Frechet manifold 
T°°M. Despite of a lack of general solvability and nniqueness theorem for 
ordinary differential eqnations for non-Banach modeled Frechet manifolds 
mi, we will prove an existence theorem for the flow of lifted vector fields 
on T°°M. As a consequence we show that for the given initial values, there 
exists a unique geodesic with respect to the lifted (semi)sprays on T°°M 
with non-trivial lifetime. 

However, onr attempt to define the lift of fnnctions (and forms) from the 
base manifold M to T°°M fails. In fact the seqnence of iterated complete 
(and vertical) lifts of functions, does not satisfy the appropriate conditions 
for projective limits of map (see remark [3.91) . 

Apart from the manifold structure of T°°M, we can define complete and 
vertical lifts of fnnctions, vector fields, semisprays and sprays form T°°M to 
TT°°M similar to that in section [2l One of the main goals of this article is 
to bnild a class of concrete example in Frechet geometry for which we can 
find geodesics (and flows) with nontrivial lifetime (see also remark [3.14j) . 

Finally, as an advantage of working with infinite dimensional Banach 
manifolds, we will apply our results to the Banach manifolds of closed cnrves. 

Through this paper all the maps and manifolds are assnmed to be smooth 
and the base manifold M is partitionable. 

1. Preliminaries 

Let M be a smooth manifold modeled on the Banach space E and tto : 
TM —>■ M be its tangent bundle. We remind that TM = TxM such 

that TxM consists of all eqnivalent classes of the form [c, x] where 

c € Cx = {c : (e, e) —M; e > 0, c is smooth and c(0) = x}, 
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under the equivalence relation 

Cl C2 cl(0) = C2(0) 

for Cl, C 2 € Cx- The projection map tto : TM —> M, maps [c,x] onto x. 
If ^0 = {i4‘ao •= (t^aiUaQ '■= Ua)] a € /} is an atlas for M, then we have 
the canonical atlas Ai = '■= D(l)aQ,Uai ■= 7TQ^{Ua))', a G 1} for TM 

where 

(j^ai ■ '^0 (^«o) ^ ^ ^ 

[c,x] I—(((/)ao oc)(0),((/>„o oc)'(O)). 

Inductively one can define an atlas for T'^M := T{T''~^M), r G N, by 

Ar ■— {(*?^Or •— D(l)a^_^,Ua^ .— — i)); Cl G /} 

for which vr^-i : T^M —^ T^~^M is the natural projection. The model 
spaces for TM and T^’M are Ei := and E^ := E^"^ respectively. We add 
here to the convention that T^M = M. 


2. Complete and vertical lifts 


The vertical and complete lift of geometric objects has been studied by 
many authors (see e.g [23]) Pl]) [5]) [S] and the references therein). For a 
comprehensive treatment in the finite dimensional case and for references 
to the extensive literature on the subject one may refer to the paper M by 
Bucataru and Dahl. 

In this section we introduce the concepts of vertical and complete lifts 
of functions and vector fields from T^’M, r G N U {0}, to for the 

Banach manifold M. 

Set Ki := idxM and for r > 2 consider the canonical involution Kr : 
T^M —)• T’’M which satisfies dtds'y{t,s) = Krdsdt'y{t, s), for any smooth 
map 7 : (—e, e)^ —> T‘^~‘^M. If we consider T^~‘^M as a smooth manifold 
modeled on Er_ 2 , then the charts of T'^~^M, T^M and T''~^^M take their 
values in E^-i = E^_ 2 , E^ = E ^_2 and E^+i = E ®_2 respectively. It is easy 
to check that the local representation of is given by 

l^ra ■= (t>ar ° O (j)-^ : Ua,_2 X K-2 -^ ^4^,-2 X IE^-2 

ix,y,X,Y) ^ {x,X,y,Y). 


Setting D'^ 

= DD, the relations 

(1) 


(2) 

TTr 0 DKx 

(3) 

DlTr-l 

(4) 

7-^2 

AM IT p 0 /^ 7>_|_2 

(5) 

DtTp _ 0 


IdT^M 

txif O 7Tf 
TTip O 

7-^2 

^ -LJ TT-p _ \ 

t ~\2 i 

7Tp O -L/ TT p 5 


r G N, as they are listed in are valid in our framework too. 
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2.1. Vertical and complete lifts of functions and vector fields. There 
are two known lifts for functions and vector fields due to [23] and [5|. Most 
of the materials of this section are modified versions of those form |5|. 

Definition 2 . 1 . Suppose that r > 0 and / G C°°(T^M). Then the vertical 
lift of / is the smooth function G defined by 

(6) nC) = {f0 7Tr0Kr+im, ^ G 

If r = 0, then equation ([6|) implies that = f o ttq and for r > 1, 
the equations (2) and (4) imply that f" = f o DTr^-i. Moreover, the local 
representation of is 

(7) ^ M 

ix,y,X,Y) ^ faix,X) 
where /„, := / o cj)-^ : Ua,_^ x E^-i —^ M. 

Definition 2 . 2 . For r > 0 and / G C°°{T^M) the complete lift of / is 
the smooth function G defined by 

(8) nO = dfoKr+i{^), ^GT^’+IM. 

Clearly for r = 0, f^{^) = df{^). If r > 1, then the local representation 
of is 

{x,y,X,Y) I—^ dif{x,X)y + d2f{x,X)Y 

where di,i = 1,2, stands for the partial derivative with respect to the i’th 
variable. 

Following the formalism of [5| we define the concepts of vertical and com¬ 
plete lifts for vector held in the Banach case. 

Definition 2 . 3 . Let r > 0 and A : T'"M —> be a vector held. The 

vertical lift of A is the vector held A^ : —)• dehned by 

the following relation 

(9) A’'(^) = od5(K,.+i(^)-FsAo7rrOK,.+i(^))|s=o, ^ G 

is a vector held since 

7rr+loA’'(^) = TTr+l O O 9s(fi:r+l(0 + ■SA O TT^ O Kr+l(^))|^=0 

= Kr+l o TTr+l O ds{Kr+liO + sA O TT^ O fi;r-+l(O)|s=0 

= Kr+l O ^r-|-l(0 
= ? 

Locally on the chart (C/a^, </>«,.), suppose that the local representation of A 
be given by 

Aq .— (j^ar+l O A O (j)^^ . Ucir — l ^ Ef — 1 ^ Uqi^ —X Ej,_]^ 

{x,y) I— {x,y;Aa{x,y),Ba{x,y)) 

where and are smooth E^-i valued functions on Uar ^ T'^M. Then 
the vertical lift of A is the vector held G M) with the local 
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representation := <par +2 ° ° where 

Aq : X IEr_i > Uar-i X 

{x,y,X,Y) I—^ {x,y,X,Y;0,Aa{x,X),0,Ba{x,X)). 

Note that Aa{x,X) = A^{x,y,X,Y) and Ba{x,X) = B^{x,y,X,Y). 

Finally we introduce the concept of complete lift of a vector field which 
will play a key role in our next studies. 

Definition 2.4. Let A : T''M —r > 0, be a vector field. The 
complete lift of A is the vector field A'^ : defined by 

(10) A'^ = DKr+l o Kr+2 ° DA O Kr+l 

Note that 


TTr+l O A‘'(^) 


TTr+l O DKr+l ° Kr+2 ° DA O Kr+l{C) 
Kr+1 O TTr+l ° Kr+2 ° DA O Kr+l(0 
Kr+1 O D-Kr O DA O Kr+l{C) 

Kr+1 ° D{'Kr O A) O Ttr+l(0 
Kr+1 ° Kr+1 (0 


which means that A*^ is a vector held (see also 0). Moreover with the above 
notations the local representation of A'^ is 

Aq : X 1E^_]^ > ^Or-l ^ 1 

^ = ix,y,X,Y) ^ (x,y,A,y;A);(e),A^(0,B)((0,^a(e)) 

More precisely 

A^(e) = {x,y,X,Y-,AUx,X),dMx,X)y + d2Ar,{x,X)Y 
, Ba{x, A), diBaix, X)y + d 2 Br,{x, X)Y ). 


2.2. Semisprays and their lifts. For r > 1 a semispray on T''~^M is a 
vector held S : T^M —^ with the additional property TCr+i o S = S 

(or equivalently DiTr-i o S = idr^M) ([S])- Considering the atlas Ar-i, we 
observe that locally on the chart [4>ar-nDa^_^) the local representation of 
the vector held S is Sa '■= 4>ar+i o S o cj)a~^ and 

Sa • ^ X IEr_i 

{x,y) I—)► {x,y;Aa{x,y),Ba{x,y)) 

where A^^Ba ■ Ua^-i x lEr-i —^ lEj—i are smooth functions locally repre¬ 
senting S. The condition Kr+i o 5 = S' (or Dur o S = idT^M) yields that 
Aa{x,y) = y. By convention, we set Ba{x,y) ;= —2Ga{x,y). Hence the 
local representation of S is 

Sa ■ Ua ,-1 X Er_i —^ Ua,_i X ; {x, y) I— ^ (x, y; y, -2 Gq,(x, y)) . 

Considering the semispray S as a vector held and using the notion of com¬ 
plete lift for vector held, we dehne the complete lift S^ = DKr+i o Kr +2 ° 
DS o Kr+i- Bucataru and Dahl in [5] proved that S'^ is a semispray. Here 
we state a modihed version of their proof for inhnite dimensional manifolds. 
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Proposition 2.5. is a semispray on T'^M. 


Proof. It suffices to show that Kr+ 2 oS'^ = S^. For ^ = {x,y,X,Y) G 
we have 

Kr+2°S^{f) = Kr+2° DKr+lO Kr+2° DS O Kr+l{f) 

= Kr+ 2 ° DKt+iO Kr+ 2 ° DS{x,X,y,Y) 


= Kr +2 O DKr+l O Kr+ 2 {S{x, X), dS{x, X){y ,Y)) 

= Kr+2 O DKr+l O Kr+2{x,X,X, -2Gaix, X)] y,Y,Y 
,-2dGr.{x,X){y,Y)) 

= Kr+2 o DKr+i{x,X,y,Y;X, -2Gaix,X),Y, -2dGaix,X){y,Y)) 
= Kr +2 {tir+l{x, X, y, Y), DKr+l{x, X, y, Y){X, -2Ga{x, X),Y 
,-2dGr.{x,X){y,Y)) 

= Kr +2 {x, y, X, y; y, y, -2 G„(x, X), -2dG„(x, X){y, Y)) 

= {x, y, X, y; X, y, -2Ga{x, X), -2dG„(x, X)(y, y)) 

= (x,y,X,y;X,y,-2G:;(e),-2G^(e)) 


= 

which completes the proof. 


□ 


Definition 2.6. A geodesic for the semispray 5 is a smooth curve 7 ; 
(—e, e) — T^~^M such that its canonical lift 7 ' is an integral curve for S 
i.e. 7 "(t) = S( 7 '(t)), t G (-e,e). 


Locally on a chart this last means that 
(7«(i),7«W,7«W,7«(0) = 5'«((7a(i),7a(i)) 

= (7a(i), 7a(i), 7a(i), -2Ga(7a(t), 7o(t))) 

where 7 ^ = f>ar-i ° 7- Therefore the curve 7 is a geodesic for the semispray 
S if and only if it satisfies the following second order ordinary differential 
equation (SODE) 

(11) 7"(i) + 2Ga(7a(i),7a(i)) = 0 ;a G I 

which are known as geodesic equations with respect to S. 


Remark 2.7. For a Riemannian manifold with its canonical metric spray 
m), equations (fTTIl coincide with the usual geodesic equations. 


3. Complete lift of vector fields and sprays to T°°M 

The geometry of T^M, r G N, and lifting of geometric objects to this bun¬ 
dle was studied by many authors (See [SJ [23] and the references therein). 
However, no extension in the direction of T°°M has appeared in the liter¬ 
atures. The aim of this section is to lift a vector field X G X{TM), to a 
vector field X'^- G X{TT^M). 

To assess the benefits of this lift, we will consider the interesting cases of 
semisprays and sprays. In fact we will try to lift a (semi)sprays form M to 
pooM. 
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In order to introduce T°°M we will consider it as an appropriate limit 
(projective or inverse limit) of the finite factors r*M. To make our exposi¬ 
tion as self-contained as possible, we state some preliminaries about projec¬ 
tive limits of sets, topological vector spaces, manifolds and vector bundles 
from lanniiis]. 

Let I be a directed set. Remind that I is directed if it is an ordered set 
with the reflexive, transitive and anti-symmetric order ”<” such that for 
any i,j G I there exists /c G I with i < k and j < k. Let {Sjligi be a family 
of nonempty sets. Moreover suppose that for j > i in I, there exists a map 
fji] Sj — > Si, known as the connecting morphism, such that fa = idsi and 
fji°fkj = fki ioTk> j >i in I. Then S = {Si, fji}ijei is called a projective 
system of sets. The projective limit of this system, defined by a universal 
property, always exists and is (set theoretically) isomorphic to a subset of 
[IS]- precisely the projective limit of the system S, denoted 

by contains those elements {xi)i^i G Oigi'S’i for which fji{xj) = Xi 

for all i,j G I with j > i. 

Let {Ejjjgi be family of topological vector spaces and pji : Ej —Ej, 
j > i he continuous and linear. Then the projective family {Ej,pjj}jg][ 
is called a projective systems of topological vector spaces. Note that every 
Frechet space is isomorphic to a projective limit of a countable family of 
Banach spaces m, p- 53). 

In the sequel suppose that I = N and consider the family M. = {Mi, 
fji}i,j& where Mi, f G N, is a manifold modeled on the Banach space Ej 
and ^pji : Mj —>■ Mi is a differentiable map for j > i. Moreover suppose 
that the following conditions hold. 

i) The model spaces {Ej, form a projective system of topological 

vector spaces. 

ii) For any x = (xj)igN G M = ^mMj there exists a projective family of 
charts {(Lj, 4>i)} such that Xi G Ui C Mi and for j > i, pji o (pj = (pi o ipji 

HO]. 

In this case M := {im Mj may be considered as a generalized Frechet mani¬ 
fold modeled on the Frechet space E = l{mEj with the atlas {(^im t/j, ^im <pi)}. 

Finally, suppose that {Ei,pi, Mi), f G N, be a family of a Banach vec¬ 
tor bundles with the fibres of type E* respectively. Moreover suppose that 
{{Ei, fji)}i£N and (E*, AjjjjjgN are projective systems of manifolds and Ba¬ 
nach spaces respectively. Then, the system {{Ei,pi,Mi),{fji,ipji,Xji)}i^^ 
is called a strong projective system of Banach vector bundles on 

{{Mi, ipji){i£]i^ if; 

for any (xi)jgjsj, there exists a projective system of trivializations (f7j, Tj) 
(here Tj : Pi~^{Ui) —> Ui x Ej are local diffeomorphisms which are linear 
on fibres) of {Ei,pi, Mi) such that Xi G Mi, U = liml7* is open in M and 
{ifji X Xji) o Tj = Tj o fji for all i,j G N with j > i. 


Remark 3.1. Let {Mi,(pji} be a projective family of Banach manifolds. It 
is known that the family {TMi,qji}ij£^ also form a projective system of 
Banach manifolds (vector bundles) |10l [3| where the connecting morphisms 
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are given by 


Qji : TMj TMi 

[/, xy I— [ipji o /, ifji o xy 

and [., .]* stands for the tangent vectors in TMj. 

For any element (xi)igM in M := l^m Mj consider the family of charts 
{{UaAa)}i€N of around such that ([/„ = = 

is a chart of M. Fix the atlas {{Ua = l^U^,(pa = for 

Using this atlas we can define a generalized vector bundle structure on 
TT : TM —>■ M [TOl |3]. More precisely form a projective 

system of trivializations for the strong projective family of vector bundles 
{{TMi, Try Mi), {qji,Tji,Pji)}j>i where 

ri:{7TTHK) 

[fi,Xiy I-^ (Xi,(<y9*„ o/i)'(0)). 

Regarding the fact (pji o M = vr* o qji, for j > i, we define the limit map 
ttm ■= : TM — M. The trivializations of TM are given by Tq = 

l^m tX : TT~^{Ua) —C/q X F where F = [TOl [3], 

In order to reduce our computations, we state the following lemma. 


Lemma 3.2. Let {Mi,ipji}ij^fq and {Ni,^pji}iJ^f^ be two projective system 
of manifolds with the limits M = l^m Mj and N = ymNi. The system 
{fi : Mi — > Ni} is a projective system of maps if and only ifipi^i^i o fi_^_l = 
fi o (fi+i^i, where V’j+i i ■= '>Pi+i,i and cfi+i i := (fi+i^i, for any i G N. 

Proof. Let fi o = ipi+i^i o fi_^_l for any i € N. Then for the natural 

number j G N we have 

= (V'i+Ri o o y>j-l,j-2) o (V’iJ-l o fj) 

— (V’i+lji ° ••• O —IJ— 2 ) O {fj — l o — 

— '4^1+1,i O ... O fj—2 O 4'j—l,j—2 O 4^j,j—l 


— /i O {4^i+l,i ® O 4^j—l,j—2 O 4^j,j — l) 

~ fi ^ (kji- 

The converse is trivial. □ 

Remark 3.3. The family {T^M}^^^ with the connecting morphisms TTj+i^j := 
TTj form a projective system of Banach manifolds. The connecting mor¬ 
phisms for the model spaces are Pi+i,i '■ Ej+i = —> Ej = E^*; 

(x, y) G Ef I— X G Ej, i G N, and the projective family of charts is given by 
{{Uai,4>ai)}i£N with the limit = l^UaiAa^ = (pai)- The limit 

of this family is denoted by T°°M := ]^mT^M and it is called the infinite 
order iterated tangent bnndle of M. 
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Proposition 3.4. Let X G X{TM) and set 

(12) := = Dk 2 0 K 30 DX 0 K 2 

and, for j G N, X‘^i := with = X. The following statements 

hold true. 


i) H^TTooX^i =XoZl7ro. 

ii) For any i G N 


11%^ o X'^'+i =X^^oD-Ki. 
Hi) For any i,j G N with j > i we have 

D'^TTj^i O X^^ = X^^ O DTTj^i, 


(13) 

where Hj^i := vr* o TTj+i o ... o iij-i : T^M —> T^M. 

Proof, i.) Using equations (2) with r = 1 and (fT^ we see that 
DDtto o X^i = D{tti o K2) o X^i 

= Dtti o Dk2 o Dk.2 o K3 o DX o k2 
= Dtti o K3 o DX o K2 
= 7r2 o DX O K 2 = X O TTi O K 2 = ^ O DtTq. 


ii.) For the natural number i we see that 


D'^TTi o X'^'+i 


D{-Ki+i O Ki+2) oX‘'*+i 

DlXi+i O DKi+2 O DKi+2 O Ki+3 o -DX'"* O Ki+2 

Dni+i o Ki +3 o DX^^ o Ki+2 
7rj+2 o DX‘^^ o Ki +2 
x'^^ o m+i o Ki+2 
X=* o Dm 


which proves the second assertion. Equivalently, the following diagram is 
commutative. 


r(T*+iM) ^ 

T{T^M) ■ ■ 

• T{TM) 

Dtt(^ 

TM 

X^*+1 1 

TX^* 

iX"i 


iX 

T‘^{Ti+^M) 

T^{DM) •• 

• T‘^{TM) 

P^TTj) 

T^M 


iii.) The last part of the proposition can be deduced from part (ii) and 
Lemma 13.21 More precisely we have the following commutative diagram. 


T{T^M) 

T{T^M) 

X'^i I 

ix^» 


T^{DM) 


As a consequence, {X'^* }jgi^ form a projective system maps from {T(T*M), 
Hvrijigp} to {r^(T*M), H^TTjligis}. Therefore we can define X‘^°° = l^m X^" 
from TT°°M = l^{T(r*M), Dm} to T‘^{T^M) = \Ym{T‘^{DM),D‘^m} 
(See also [TO] p. 5 or [3] p. 6 ). 
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Theorem 3.5. exists and is a vector field on TT°°M. 

Proof. The family of vector bundles 

:= (T2(T*M),7ri+i,r(T'M))}ieN 

form a strong projective systems of vector bundles (in the sense of [3] Def. 
4.1). More precisely, the fibre type of the bundle {Ei,pi, Ni), i G N, is 
with the corresponding connecting morphism 

A,+i, : (E^'-y = £2*^^ ^ =(E2*"y = E2‘ 

{x,y,X,Y) ^ ix,X). 

As a consequence we get, 4>ai+i ° = {DiTi-i x o where 

4’ai+k, k = 1,2, are the local charts of Then, according to proposi¬ 

tion 4.4 of [3], T'^T°°M := hmr^(r*M) admits a generalized Frechet vector 
bundle structure over TT°°M := l^m TjT^M). 


However, vTi+i o F^vrj = 

DlTi O TTi +2 for 

any i G N ([6] 

, P- 

2123). 

r(T*+iAf) ^ 

T{T^M) ■ ■ 

• T{TM) 

Dtt(^ 

TM 

^^1+2 t 

t TTi+l 

17r2 


t M 

r2(r*+iM) ^ 

T^{T^M) •• 

• T‘^{TM) 


T‘^M 


This last means that the limit map ^imTTi+i exists and locally maps (x, y, X, 
Y) G onto {x,y). As a consequence ^mTTj+i exists and 

^TTj+i : T^(T°°M) —)■ T{T°°M) is equal to Moreover the re¬ 
sulting vector bundle is a generalized vector bundle isomorphic to ■ 

T'^{T^M) —^ T{T°°M) (the tangent bundle of r(T°°M)). 

According to 0, if G X{T{T^-^M)) then G X{T{T^M)). Con¬ 

sequently, for any ^ G T{T°°M), we have 

• ktt^m o = ^TTi+i o A‘'“(0 = (vTi+i o A‘'*(^j)) = (^i)ieN 

which means that is a vector field on TT°°M. □ 

3.1. Flow of X‘^°°. In closing this section, despite of the lack of a general 
solvability and uniqueness theorem for ordinary differential equations on 
non-Banach Frechet manifolds m), we prove an existence theorem for the 
flow of X^°°. 

Let i G N, A G X{T^M) and E : T>{X) C T^M x M —^ TW be its flow 
(see e.g. m)- We remark that for f G T^M, F{f, .) : I (f) CM — T^M; 
t I—^ Et{(,) := E{f,,t), is an integral curve of X with E^{0) = f and !{(,) is 
its maximal domain (lifetime) in M. 

Suppose that F : 2D (A) —>■ r*M and : 2D(A'^) —are the 
flows of A and X^ respectively. According to [S] theorem 3.6, we have 
(Fvri.i X idR)^{X<^) = D(A) and for any {C,t) G D(A'=), Ff{C) = Ki+i o 
DFto where DFt is the differential of the map Ft : i—>■ Ft{f). Note 

that the model spaces of manifolds in [5] are finite dimensional Euclidean 
spaces. However, the proof of theorem 3.6. is valid for the Banach modeled 
manifolds as well. 

Let A G X{TM) and F : D(A) C TM x M 
i G N, set A'^* = (A‘^*-i)'^ and = (F^*-i)‘^. 


TM be its flow. For 
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Theorem 3.6. For z G N, suppose that C T{T^M) x M — > 

T{T^M) be the flow of . Then the following statements hold true. 

i. ) C T{T^M) X M, (-Dvrj x zdR)|xi(x‘'i)}ieN form a projective system 

of open sets. 

ii. ) exists. 

Hi.) F^°° is the flow of X‘^°°. 


Proof, i.) Since {TW, vr^j} is a projective system, then {r(T*M), Fvrji} 
is a projective system with the limit isomorphic to T{T°°M). It is easy 
to check that C T^T^M) x E, (Fvrjj x idu)\ 2)(x=i)l form a 

projective system. Set T>{X^°°) := is an open subset 

of T{T°°M) X E with respect to the projective topology of T{T°°M). 
ii.) For any i € N and any ^ = {x,y,X,Y) G T(T^~^^M) we have 


DTTioF^^+flt^O 


D7TioF,^^+\x,y,X,Y) 

Dm O Ki+2 o DFf^ O Ki+2{x, y,X,Y) 
{m+i o Ki+2) o Ki+2 o DFf' (x, X,y,Y) 
m+i(Ffflx,X),dFfflx,X)(y,Y)) 
Ffl(x,X) 


and 

F"^ o (Dwi X idK)(f, t) = Ff^ o Dm{x, y, X, Y) = Ffflx, X) 
that is the following diagram is commutative. 

r)(X‘^«+i) T{r+^M) 

Dili X zdiR DiTi 

^ T{T^M) 


As a consequence of lemma [321 '■= ^imF'^' : ^m r)(X'^") — T{T°°M) 

can be defined. 

iii.) Finally, we claim that F^°° : := limr)(X‘^“) — T{T°°M) 

is the flow of X^°°. For the latter we note that F^°° : /(^) C E — > TT°°M 
is an integral curve for for all {ffl) G r)(A'^°°), since 


fL 

dt 



(F|°°(t)). 


□ 


It may be worth reminding the reader that a vector field is called complete 
if, all of its integral curves admit the lifetime (— 00 , + 00 ). 

Corollary 3.7. IfX is a complete vector field on M, thenX^°° is a complete 
vector field on T{T^M) too. 

With the notations as in theorem 13.61 we have the following useful result. 

Corollary 3.8. For any f G T{T°°M), the unique integral curve 

F|°“ = ^ T{T°°M) with F|°°(0) = exists. 

Remark 3.9. Let / G C°^{M). Set = f^ and Then 

according to definition 12.21 

r = d{r-^)om. 
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If we consider the projective systems {r*M, 7 rj}jgp| and {M, zdRjjgpf with 
the limits T°°M = and M = ^imM respectively, then o vr* / 

*dR o In fact for any (x, y, X, Y) E 

o 7 rj(x, y,X,Y) = (x, y) 

while 

id^o fi+^{x,y,X,Y) = df^oKi+i{x,y,X,Y) = df^{x,X,y,Y) 

= d^r{x,X)y + d2r{x,X)Y. 

As a consequence, the sequence {/‘^*}iGN is not a projective system of maps 
and consequently we can not define as the limit Similarly one 

can show that, the iterated vertical lift of functions and lift of forms, gen¬ 
erally, do not form projective systems. We refer to [T| p. 39, [3] p. 204 and 
|22j p. 549 for special classes of functions and forms on projective limits of 
manifolds. 

3.2. Lift of semisprays to T°°M. In this section, for a given semispray 
on M we shall try to lift it to a semispray on T°°M. 

Proposition 3 . 10 . For a given semispray S on M its iterated complete lift 
is a semispray on T°°M. 

Proof. Since S' is a vector field on TM, then proposition [33] ensures us that 
: T{T^M) —)■ r^(T*M)} forms a projective system of vector fields 
with the limit S'=°° E X{T{T^M)). 

Proposition 12.51 shows that for any i E N, S^* = is a semispray 

on r*M. 

Moreover one can check that form a projective system maps 

with the limit where = ^m nj : TT°°M — T°°M is the 

tangent bundle of T°°M. Consequently for any ^ E T°°M, 

DtToo o S''°°(0 = ^ {Dni o S'''(^i)) = 
which completes the proof. □ 

Let S be a semispray on T°°M. Keeping the formalism of section 12.21 a 
geodesic with respect to S' is a curve 7 : (—e, e) C M —> T°^M such that 
')"{t) = S{'y'{t)), e > 0 and t E (—e, e). Now suppose that 5 be a semispray 
on M and S'^°° be its lift to T°°M given by proposition 13.101 

Theorem 3 . 11 . For any x = (xi)jgN E T°°M, ^ £ TxT^M, there 

exists a unique geodesic 7 ^ : (—e, e) — > T°°M for such that 7 .^( 0 ) = x, 

7 ^'( 0 ) = Moreover 7 ^ = ^ 57 ^^ where 7 ^. : (—e, e) —> T{T'^M) is a 
geodesic of S'^* with 7 gi( 0 ) = Xi and 7 ^.( 0 ) = f,i, i & N. 

Proof. According to corollarv l3.8l there exists a unique curve F^°° : (—e, e) —I 
T{T°°M) such that = S^-(F|°° (t)), F|°°(0) = ^ and F^ = 

Set 7 g = 7rT°°M ° F^ : (—e, e) —> T°°M. We claim that 7 ^ is the desired 
geodesic. Since 

^7?(^) = o F^°°){t) = Dttt^m o 

= Dytt -m o 5"=°° (F|°° (t)) 

= (t) 
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and F^°° is the integral curve of S'^°°, we conclude that 


Moreover 7g(0) 
|7«(i)l,=0 


= o F|°°(0) = 'JTT°°M{i) = X and 

= o F^°°){t)\t=o = Dttt^m o ^F^°°{t)t=o 

= Z)7rr-Mo5'=“(F|-(t))t=o 
= Dttt^m ° S‘^°° (^) 

= e- 


□ 


3.3. Lift of sprays to T°°M. There is a very close relations between linear 
connections and a special type of semisprays known as sprays 13 da B [19]. 

Definition 3.12. A semispray S on T'‘M is called a (2-homogeneous) spray 
if for any a G I, A € M and (x,^) € 17q,. x Ej, Ga{x,X^) = \^Ga{x,^). 


Proposition 3.13. The following statements hold true. 

i) The complete lift of a spray is a spray. 

a) If S is a spray on M, then is a spray on T°°M. 


Proof, i.) Let S be a spray on T'‘M. Then, 5 is a semispray. According to 
DroDositio] 12.5[ is a semispray on T^~^^M. Now, it suffices to show that 
the local components of are 2-homogeneous. Locally the semispray 
maps ^ = {x,y,X,Y) G T{T^+^M) to 


(^x,y,X,Y-,X,Y,-2Gl{C), 



However, for any A G K and ^ G T{T^~^^M), 

Glix, y, XX, XY) = Ga{x, XX) = X^G^^ix, X) = X‘^Gl{x, y, X, Y), 


and 

Gl{x,y,XX,XY) 


dG^ix, XX){y, XY) = jGo^ (x + ty, X{X + tY)) |t=o 
—)?Ga{x + ty,X + tY) |t=o 

X?—Ga{x + ty,X + tY) |t=o 

X^dG^{x,X){y,Y) 

X^Gl{x,y,X,Y). 


ii.) Due to proposition 13.101 is a semispray on T°°M with the local 
components := which maps ((xj)jgN, {yi)im) £ x Eoo to 

{x,y,y,G'^{x,y)^ 


Part one implies that for any z G N, is a spray on T^M. Let {G^} be 
the family of local components of . Then, 

i2 i;_ rii I... \ _ \2/ 


G^ 


\x,Xy) = '^G"^{xi,Xyi) = X \^G\{xi,yi) = X G’^{x,y) 
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for any A € M and (x, y) € x Eoo- □ 

Remark 3.14. Suppose that at any step we have a metric spray with 
a compatible Riemannian metric gi (for more details see [l3]). Then, the 
meaning of a geodesic for the spray S‘^°° on T°°M would be (a local) length 
minimizer of the sup and sum metrics, in the topological sense (see HZ] p. 
1485, def. 3.5 and section 5). More precisely at any stage we have a metric 
space (r*M, dj), where di is the metric induced by gi. Now, if 7 = ^m y^ is 
a geodesic of 5"^°°, then at every step we have a minimizer 7^ of di. As a 
consequence 7 is a minimizer of the sup and sum metrics that is, the length 
minimizers on T°°M are geodesics of 

4. Applications and examples 

In this section we state an examples to reveal the benefits of working with 
Banach manifolds and our results. 

Example 4.1. Let {M,g) be an n-dimensional Riemannian manifold and 
I = [0,1]. An loop c : I —M” is an absolutely continuous curve for 
which c(t) exists almost everywhere and c is square integrable and c(0) = 
c(l) f |12j p. 159). A loop c : I —M is called of class if, for any chart 
{U,4') of M the mapping (f>oc: I' C c~^{U) —> M” is H^. Then 
formed by the loops c : I —> M of class H^, admits a Hilbert manifold 
structure modeled on the Hilbert space El := H^{c*TM) jQ] [T2|. 

The space of vector fields along c is isomorphic with the space of sections 
r(c*TM) of the pullback c*TM and it is identified with the tangent space 
M). The scalar product on TcH^{I,M) is given hy < u,v >c= 
jo 9 {u{t),v{t))dt + fog(§u(t), §v(t))dt for any u,v e TcH^{I,M). (For a 
detailed study about the geometry of we refer to [12]. 1 However, 

one may consider the maps and construct a Banach manifold structure 
space using the sup-norm instead of using norms [S]. 

Let / : M —>■ be a differentiable map between finite dimensional 
Riemannian manifolds. Then there is a natural (pointwise) differentiable 
map H^{f) : H^{I, M) — N) where = f{c{t)), t G [0,1]. 

Moreover TH^{I,M) = H^{I,TM) that is commutes with the functor 

T and for the smooth map g : L —^ M, H^{f o g) = H^{f) o H^{g) [9l[T2]. 

For any (semi) spray S' on M we claim that 

H^S : TH^{I, M) —^ M) 

is a (semi)spray on and {H^Sy = H^{Sy. 

To this end, we first show that H{Ki) is the involution map of M), 

z G N. For the case f = 1 the problem is trivial. Suppose that i > 2 and 
7 : (—e, e)^ —> be a smooth curve and 

kH^ . M) —> M) be the involution map that is 

dsids2'y{si, S 2 ) = ds2dsi'y{si,S2). 

Then, for any t G [0,1] we have 

{H^Kids.^ds2y{si,S2)){t) = Kids^ds^jisi, S2,t) 

= 5^2 9si 7 (^ 1 , S 2 T) 

= ds2ds^y{si,S2){t) 
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that is H^Ki = 

As a consequence o H^S = {H^K 2 ) o (H^S) = H^{k 2 o S) = H^S. 
Moreover, 


{H^sy = o Kf' o DH^S o 

= DH^K 2 0 H^K3 0 DH^S o H^K 2 
= H^Dk 2 0 H^k^o H^DS o H^K 2 
= H^{Dk2 o K3 o DS o K2) 

= H\sy. 


Consequently {H^Sy^ = for any i G V. On the other hand, 

M) = These last two equalities motivate us to define 


T°^H^{yM) =^TH^{yM) 

and := {H^Sy^. However, we are not sure about the existence a 

reasonable manifold structure on since the manifold structure 

in the classical case (i.e. H^{I,N)) deeply depends on the notion of the 
exponential mapping (and the Riemannian metric) on the target manifold 
which is not guaranteed in our case mm- In fact, on Frechet modeled 
manifolds, an inverse function theorem is not always available and only 
under certain conditions (like tameness [llj l a version of the inverse function 
theorem (and consequently an exponential mapping) is available. Since for 
any i G N, = T^H^{I,TM) we can also define 


Using the terminologies of Lang m or Klingenberg [12], one can show 
that if S' is a spray then H^S is also an spray. Now, proposition 13.131 
implies that H^S‘^ = {H^Sy is a spray on TH^{I, M) = H^{I,TM) and 
= {H^Sy\ for any i G N. 

Finally, using remark 3.1 and the techniques of proposition 4.1 of m, 
enable us to lift a connection form the finite dimensional manifold M to the 
manifold rH^yU), i G NU {00}. 
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